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4. NONLINEAR STRUCTURAL ANALYSIS

LINEAR FEM MODEL OF DEFORMABLE STRUCTURE BEHAVIOUR

Superposition method:

{R}=a{r.}+ AR}
{a}=[K]"{r},
{a}=[K]*(e{F.}+ A{F.)}) = alk]{F.}+ BK]{F.}
{a}=a{a.}+ Bla.}

[K]{a} ={F}.
{a =[K]"{F}.

Structural nonlinearities cause the response dfuetare to vary disproportionately with the apgliforces. Realistically, almost all structures are

nonlinear in nature but not always to a degreetti@nonlinearities have a significant effect oraaalysis.

NONLINEAR FEM MODEL
In a nonlinear analysis, the structure’s stiffnesatrix and load vector may depend on the soludiath therefore are unknown. To solve the problem,

the program uses an iterative procedure in whisérees of linear approximations converges to theahoonlinear solution.

(K ({a})]{a} ={F(@}.

- If the solution exists? How many solutions exist?
- Time consuming solution
- Iterative process of solution — problem of converge

- Results of a load depend on loading history
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Causes of Nonlinear Behaviour
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simple elasto-plastic model of material behaviour large deformations of structures

Material Nonlinearities - nonlinear stress — strain relationships. Mamydiss can influence a material’s stress-strain @rgs, including load history
(as in elasto-plastic response) environmental ¢mmdi (such as temperature), and the amount dfrtteethat a load is applied (as in creep response)

Geometric Nonlinearities. If a structure experiences large deformatiorsscitanging geometric configuration can cause thetsre to respond
nonlineary.

Under lateral loads, the beam is very flexible.tle force P increases, the rod deflects so muaghthle moment arm decreases appreciably, causing
the increasing stiffness at higher loads. Axiat&sr can increase or decrease the stiffness dbetn® depending oh the direction of the forces.
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Friction, contact interaction, gaps, ropes

P
R N>0 —
P ropes N=0

U a - length

of contact zone
a=a(P)

Importance of the history of loading on the resulof the final load

P, *
P,

v ps//

friction elasto-plastic material
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.The vector{q}i is calculated on the base of the previous solu{ﬂ}'ni_l :

[K({Q}i—l)]{Q}i -

Iterative solution of a set of nonlinear simultaneas equations

The series of approximate solutions (iteratior{sgl}o : {q}l {q}z I {q}n

converging to the exact solution

{q}o — arbitrary initial solution (=0),

[K]i = [K({Q}|)]

Convergence criteria

DOF increment convergence {Aq}i

Out of balance convergence (residual vector)

{Rh.. ={F}-[K}{d}
H{AQ}iHS

0 i & -thereference values

Norms: H{X}H = (\_x_\{x})% :

[{x}] = maxx

= {Q}i - {q}i—l ,

Criteria concerning the relativ
errors

foch _
fal=°

R}
7y =°
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Direct approach

{a}, = [K]5{F}

Incremental approach

The calculations concern increments of the unknoveasor{q}.

{R}i ={F} _[K]i—l{q}i—l’

Increment

{ad} =[k[5{R};.

Tne new approximate solution and the matrix

Seps:

Fi

F

tgo = K,
A3
(q %2
—
u, Uu,u, u
R, R,
F —
tgo,= Kk,
R, tg o= Kk,
Ao
o
X !
—
Au,  Au, “Au, u
ul u2 u3
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{a}, ={a}_, +{Ad},
[K]| = [K ({q}i )}’
Newton-Raphson method
In each itaration in the calculations of linear af the equation uses the tangent matrix
F —
o
K], = d{F} _ [K]+d[K] {q ot
d{a} {Q} tg o= K,
instead of coefficient me
—
u
Modified Newton—Raphson procedure
In each iteration the same set of the equatiomss@me initial matrixare used
o
-1 -1 O(l:O(ZZ ....:O<o
[Ko] instead of [K]i-l g tg o, =
(Xl 0 0

3
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Example:
ki
7, W) F

u

A k@)

1

N\ k(u)=1-u

tgoc=k(u)
tgff= k. (u)

Find the displacement u for the nonlinear spring:

k(u)=1-u
F=02 ;[angent stiffness
Analytical solution dF dk
—u+
k(Wu=F, 6 uw*-u+F=0 e = du du(k()) uu =1-a
y =117 4 “2_4F =0.2734,
1+1- 4F

U, == ——=07236
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Direct iteration procedure (the incremental approat

i U K=1-u_ R=F-k,u_ Au, = %_1 U =Uu_ + Ay ATlIJI %

1 0 1 0.2 0.2 0.2 1 1

2 0.2 0.8 0.04 0.05 0.25 0.2 0.2

3 0.25 0.75 0.0125 0.0167 0.266Y 0.063 0.063

4 0.2667 0.733 0.0044 0.006 0.272)7 0.022 0.022

5 0.2727 0.7273 0.0017 0.0023 0.2750 0.008 0.0085
Modified Newton-Raphson procedure

i Ui koy=1-u_, R=F-k_u, Au, :% U = + Ay, ATlIJI %

1 0 1 0.2 0.2 0.2 1 1

2 0.2 0.8 0.04 0.04 0.24 0.167 0.2

3 0.24 0.76 0.0176 0.0176 0.2576 0.068 0.088

4 0.2576 0.7424 0.0087 0.00876 0.2664 0.033 0.044

5 0.2664 0.7336 0.0046 0.0046 0.2710 0.017 0.023

6 0.2710 0.729 0.0024 0.0024 0.2734 0.009 0.012
Newton-Raphson procedure

i Ui ko=1-u, R=F-k.u Kn=1-20, Ay, :% U = U + Ay, % %

1 0 1 0.2 1 0.2 0.2 1

2 0.2 0.8 0.04 0.6 0.0667 0.2667 0.250 0.2

3 0.2667 0.7333 0.0044 0.466 0.0095 0.2762 0.048 0340.

4 0.2762 0.7238 0.0001 0.448 0.0002 0.2764 0.001 0008.




FEM II - Lecture notes 4 Nonlinear problems Page 9 of 9

Iterative nonlinear calculations in practice _
Load steps, substeps, and “time”

Load
IIgCe=idl =l
Substep : : ) Load step
[ ® Substep
Load step 1 : : :
_________ [
e
The user executes a nonlinear static analysis bgligiding the load into a series of incrementaldic L |
. . . . . I .
steps and, at each step, performing a successlireeaf approximations to obtain equilibrium. | ! i
|
Each linear approximation requires one pass throlgtequation solver (known as an equilibrium tierg. : : :
! ! ; = Titre
1] 0.5 1.0 1.5 1.75 2.0
F A F A
stepl F, 1
I step 3 substep 3 F step
I:l
E substep 2
2 iiteration
-/ step substep 1
step4
— —



